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Abstract 
de1 Greco, J.G., Characterizing bias matroids, Discrete Mathematics 103 (1992) 153-159. 
In this paper, a set of necessary and sufficient conditions for a matroid to be the bias matroid of 
a given biased graph is obtained. These conditions are reminiscent of a 1981 result of Seymour 
that characterized when a matroid is the polygon matroid of a graph. 
1. Biased graphs and bias matroids 
The purpose of this paper is to establish a set of necessary and sufficient 
conditions for a matroid to be the bias matroid of a given biased graph. A 
number of interesting matroids are bias matroids. For example, polygon 
matroids, bicircular matroids, introduced by Sirnoes-Pereira [6], and even cycle 
matroids, introduced by Doob [3], are all examples of bias matroids. The 
necessary and sufficient conditions obtained in Section 2 in Theorem 2.4 are 
reminiscent of a 1981 result of Seymour that characterized when a matroid is the 
polygon matroid of a graph [5]. 
Some definitions and notation will now be established. Let G : = (V, E) be a 
graph where V and E are the sets of vertices and edges of G respectively. Upon 
occasion, the sets of vertices and edges of a graph G will be denoted V(G) and 
E(G) respectively. If H is a graph, then H c G denotes that H is a subgraph of 
G. If S E E, then G[S] denotes the subgraph of G induced by S if S # 0, and 
G - S denotes the subgraph obtained by deleting the edges in S. Two subgraphs 
HI and Hz of G are called vertex-disjoint if V(H,) f~ V(H,) = 0. The union of the 
subgraphs H, and H2 is denoted by HI U Hz. If e is an edge of G and H E G, then 
H U e denotes the subgraph H U G[{e}]. A connected subgraph of G that 
contains exactly one cycle is called a l-free. A graph is called a O-graph if it is 
homeomorphic from the graph in Fig. 1. 
Let M be a matroid on a finite ground set E. If C is a circuit of M and C* is a 
cocircuit of M, then JC II C* 1 # 1. This property is called orthogonafify. If B is a 
base of M and e E E - B, then B U {e} contains a unique circuit called the 
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Fig. 1. 
fundamental circuit of B U {e}. If r is the rank function of M, then the rank of M, 
that is, the value of r(E), will be denoted p(M). 
Some of the terminology that follows is due to Zaslavsky [8]. Let G be a graph, 
and let Y be a set of cycles of G with the following property: if C1, Cz E Y and 
C1 U C2 is a O-graph, then the third cycle of Ci U Cz is in Y. Such a collection Y 
is said to be O-compatible. The pair (G, Y) is called a biased graph. The cycles in 
Y are called the balanced cycles of (G, Y). A subgraph H of G is called 
contrubulunced if it contains no balanced cycles. The origin of the term balanced 
is as follows. Let G be a directed graph with underlying graph G : = (V, E). Let 
rp : E + r where r is a group with identity 1. Let C be a cycle of G, and orient C 
either clockwise or counterclockwise. If R is the set of edges of C that are 
directed in G opposite to the orientation of C (reverse edges), and F is the set of 
the remaining edges of C (forward edges), then C is called a balanced cycle of G 
if 
(II de)) *(II de)-‘) =1. 
t?EF SZER 
Note that whether a cycle is balanced or not is independent of the orientation of 
C and the order in which the computations are performed in K It is easy to show 
that the collection of all balanced cycles of G is O-compatible. 
Let (G, Y) be a biased graph where G : = (V, E). If 
.%:={S&E (G[S] is a vertex-disjoint union of trees and contrabalanced l-trees}, 
then 9 is the collection of independent sets of a matroid on E called the bias 
matroid of (G, Y) denoted %(G, Y). This fact has been noted in the literature 
]8> 91: 
Let (G, Y) be a biased graph. If Y = 0, the bicirculur matroid of G is 
obtained. Bicircular matroids were introduced by Simdes-Pereira [6] and later 
studied extensively by Matthews [4] and others [7, lo]. At the other extreme, if Y 
is the collection of all cycles of G, then the polygon matroid of G is obtained. 
Taking Y to be the set of all cycles of G that contain an even number of edges 
results in the even cycle matroid introduced by Doob [6]. (Clearly, a O-graph 
contains either one or three cycles that have an even number of edges.) 
A graph is called a bicycle if it is either a O-graph or is homeomorphic from 
one of the two graphs B1 or B2 in Fig. 2. 
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Fig. 2. 
It is easy to show that if (G, Y) is a biased graph, then the edge sets of the 
balanced cycles and the contrabalanced bicycles are the circuits of 93(G, Y). In 
addition, a cocircuit of 9(G, Y) is a minimal cardinality set of edges of G whose 
deletion from the graph increases the number of components in which every cycle 
is balanced. 
2. A characterization of bias matroids 
Let M be a matroid and (G, Y) be a biased graph. The purpose of this section 
is to identify necessary and sufficient conditions for M to be the bias matroid of 
(G, Y). The strategy will be to identify conditions under which a base of M is a 
base of 93(G, Y) and vice versa. 
If u is a vertex of G, let St,(v), called the star of u, denote the set of edges e of 
G such that e has v as an end but e is not a balanced loop. 
Lemma 2.1. Zf M is a matroid and (G, Y) is a biased graph such that: 
(i) the star of every vertex of G rS a union of cocircuits of M, 
(‘I h dg e f 11 t e e e s t o a vertex-disjoint union of contrabalanced cycles is not a 
circuit of M, and 
(iii) p(M) G p(a(G, Y)), 
then every base of 93(G, Y) is a base of M. 
We first prove the following claim. 
Claim. Zf H G G and each component of H is either a tree or a contrabalanced 
l-tree, then E(H) is independent in M. 
Proof of Claim. Suppose that E(H) is dependent in M. In this case, E(H) 
contains a circuit C of M. Suppose that G[C] has a degree-one vertex v. Let e be 
the edge of G[C] that has v as an end. By condition (i), e is in some cocircuit C* 
of M. Therefore, C fl C* = {e}, a contradiction to orthogonality. Consequently, 
G[C] does not have a degree-one vertex, and so G[C] must be a vertex-disjoint 
union of contrabalanced cycles contradicting condition (ii). Ei 
Proof of Lemma 2.1. Now let B be a base of &%(G, Y). Since G[B] is a 
vertex-disjoint union of trees and contrabalanced l-trees, B is independent in M 
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by the claim. Therefore, p(93(G, Y)) = IBI <p(M). By (iii), M and 93(G, Y) 
have the same rank, and so B is a base of M. •i 
It should be noted that in the presence of condition (i), the edge set of a 
vertex-disjoint union of contrabalanced cycles is not a circuit of M if and only if it 
is independent in M. The proof follows easily by orthogonality. 
Lemma 2.2. Let M be a matroid and (G, Y) be a biased graph. In addition to 
conditions (i), (ii), and (iii) of Lemma 2.1, suppose that: 
(iv) no balanced cycle of (G, Y) has its edge set properly contained in a circuit 
of M, and 
(v) every circuit of M is contained in the edge set of some component of G. 
In this case, every base of M is a base of S?J(G, Y). 
Proof. Let B be a base of M, and suppose that B is dependent in 93(G, Y). In 
this case, G[B] contains either a balanced cycle or contrabalanced bicycle. Let K 
denote this balanced cycle or contrabalanced bicycle. If K has two vertex-disjoint 
cycles, let e be an edge of one of the cycles of K. Otherwise, choose e arbitrarily. 
Let D be the component of G that contains K. Since E(K - {e}) is independent 
in 93(G, Y) and K - {e} is connected, E(K - {e}) can be extended to a base B’ 
of 93(G, Y) such that G[E(D) rl B’] . IS connected. By Lemma 2.1, B’ is a base of 
M. Let C be the fundamental circuit of B’ U {e} in the matroid M. By 
orthogonality, G[C] has no degree-one vertices. Also, since e E C, condition (v) 
implies that C E E(D). 
Suppose first that K is a contrabalanced bicycle. By choice of B’, C E E(K). In 
this case, condition (ii) of Lemma 2.1 now guarantees that G[C] = K, a 
contradiction, since C = E(K) s B and C is a circuit and B is a base. 
Now suppose that K is a balanced cycle. If G[E(D) n B’] has a cycle, let J 
denote this cycle. (Note that by the choice of B’, J is unique.) First suppose that 
K - {e} shares no edges with J if it exists. In this case, E(K) s C, and so by 
condition (iv), E(K) = C, a contradiction. Now suppose that J does exist and that 
K - {e} shares an edge with J. Therefore, K UJ is a O-graph. By orthogonality, 
G[C] is either the entire O-graph or one of the two cycles that contain e. By 
condition (iv), G[C] # K UJ. Since J is contrabalanced and Y is O-compatible, 
the cycle of K UJ containing e that is not K is also contrabalanced. Therefore, by 
condition (ii) of Lemma 2.1, G[C] is not this cycle. Therefore, G[C] = K, a 
contradiction. So B is independent in 93(G, Y). Since M and 93(G, Y) have the 
same rank, B is a base of %(G, Y) completing the proof. 0 
If S E E(G), (G, Y) - S denotes the biased graph obtained from (G, Y) by 
deleting the edges in S. 
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Lemma 2.3. Zf (G, Y) is a biased graph for which each component of G has at 
least two vertices, then the star of every vertex of G is a union of cocircuits of 
B(G, Y). 
Proof. First observe that since very component of G has at least two vertices, the 
star of every vertex of G is non-empty. Therefore, if v is a vertex of G, then 
(G, Y)-s&(u) h as at least one more component every cycle of which is 
balanced than does (G, Y) (the vertex v along with any balanced loops at v, for 
example). (Clearly, deleting edges can only increase the number of components 
every cycle of which is balanced.) Therefore, s&(v) contains a cocircuit Cy of 
99(G, Y). If Cy = St,(v), then the lemma is proved. Otherwise, let (G’, Y’) := 
(G, Y) - CF. As before, (G’, Iv’) - s&(v) has at least one more component 
every cycle of which is balanced than does (G’, Y’), and so s&.(v) contains a 
cocircuit C: of W(G’, Y’). (Observe that %(G’, Y’) = 9(G, Y)\CT.) Therefore, 
C: U S is a cocircuit of .%(G, Y) for some S z Cy E s&(v). If C: U C: = s&(v), 
then the result follows. If not, then let (G”, Y”) = (G, Y) - (CT UC;), and 
continue the above process. This completes the proof. 0 
The preceding three lemmas will now be assembled into a characterization 
theorem for bias matroids. To obtain a nice statement, the mild conditions that G 
is connected and has at least two vertices will be imposed. 
Theorem 2.4. Zf M is a matroid and (G, Y) is a biased graph where G is 
connected and has at least two vertices, then M = CB(G, Y) if and only if 
conditions (i) through (iv) in Lemmas 2.1 and 2.2 hold. 
Proof. Suppose first that M = .%(G, Y). By Lemma 2.3, (i) holds. Conditions (ii) 
through (iv) hold trivially. 
Conversely, suppose conditions (i) through (iv) in Lemmas 2.1 and 2.2 hold. 
Since G is connected, condition (v) in Lemma 2.2 holds. Therefore, by Lemmas 
2.1 and 2.2, M and 93(G, Y) have the same set of bases, and so M = .B(G, Y) 
completing the proof. Cl 
To state a characterization theorem in the case when G is disconnected, rather 
than require that every circuit of M is contained in the edge set of a component of 
G, it is probably better to impose a condition that is more easily checked like 
requiring that M and 9(G, Y) have the same set of connected components. 
Clearly, this condition implies (v). 
It is natural at this point to investigate the consequences of Lemmas 2.1 
through 2.3 in some special cases. For example, if G is a graph, let Y = 0. As 
noted previously, the matroid .%(G, Y) is called the bicircular matroid of G and 
is denoted 9(G). 
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Theorem 2.5. If M is a matroid and G is a connected graph, then M = 93(G) if 
and only if conditions (i) through (iii) of Lemma 2.1 hold. 
Proof. Note that G need not have two vertices since no loop is balanced. Also, 
condition (iv) of Lemma 2.2 is vacuous since Y = 0. The result follows by 
Theorem 2.4. 0 
At the other extreme, if G is a graph and Y is the set of all cycles of G, then 
B(G, Y) is called the polygon matroid of G and is denoted 9(G). The following 
theorem is due to Seymour [5]. 
Theorem 2.6 (Seymour [5]). Zf M is a matroid and G is a graph in which every 
component has at least two vertices, then M = 9’(G) if and only if: 
(i) the star of every vertex of G is a union of cocircuits of M, and 
(ii) P(M) s ,o(g(G)). 
Proof. Suppose first that M = 9(G). Condition (i) follows from Lemma 2.3, and 
(ii) holds trivially. 
Conversely, suppose that conditions (i) and (ii) above hold. Since there are no 
contrabalanced cycles, condition (ii) of Lemma 2.1 is vacuous. In addition, if 
there is a circuit C of M that is not contained in the edge set of a component of 
G, then by orthogonality, G[C] is a vertex-disjoint union of subgraphs each of 
which contains a cycle. This violates condition (iv) of Lemma 2.2. Therefore, 
condition (v) of Lemma 2.2 holds. To finish the proof, it will be shown that (iv) is 
implied by conditions (i) and (iii) of Lemma 2.1. To this end, suppose that the 
edge set of some cycle K of G is contained in a circuit C of M, and let e be an 
edge of this cycle. Extend E(K) - {e} to a base B of 9’(G). By Lemma 2.1, B is a 
base of M. By orthogonality, the fundamental circuit of B U {e} in M is E(K). 
Therefore, E(K) = C. The theorem now follows by Lemmas 2.1 and 2.2. 0 
A more difficult problem than the one addressed in this paper is as follows: if 
M is a matroid, does there exist a biased graph (G, Y) such that W(G, Y) = M? 
The complexity of this problem is currently unknown. This problem has been 
investigated in some special cases. For example, using Theorem 2.6, Seymour 
obtained a polynomial time algorithm to determine if a matroid is the polygon 
matroid of a graph [.5]. Using Theorem 2.4 specialized to the bicircular matroid, 
Coullard, Wagner and the present author have devised efficient algorithms for 
testing when a matroid is the bicircular matroid of a graph not having a pair of 
vertex-disjoint cycles [2]. (In general, it is NP-hard to determine if a matroid is 
the bicircular matroid of a graph [l].) In both cases, polynomial time recognition 
algorithms have been devised to test if a matroid is the bias matroid of a biased 
graph not having a pair of vertex-disjoint contrabalanced cycles. It would be 
interesting to know if such a recognition algorithm can be devised for the general 
case. 
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